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We’ve seen that for the interaction hamiltonian

HI = gψ†ψφ (1)

the Feynman amplitude for nucleon-nucleon scattering NN →NN is

Afi ≡
(−ig)2(

p1−p′1
)2−µ2 + iε

+
(−ig)2(

p1−p′2
)2−µ2 + iε

(2)

where p1 and p2 are the momenta of the incoming nucleons and p′1 and p′2
are the momenta of the outgoing nucleons, and µ is the mass of the virtual
meson that is exchanged in the interaction.

As this is only the lowest order term in the Wick expansion, we can ask
if this result has any counterpart in non-relativistic quantum mechanics. In
the non-relativistic theory, the lowest order term in the scattering amplitude
can be found by using the first Born approximation.

We’ll give a quick review of the principles behind the Born approxima-
tion (see the link above for more details). The approximation begins with
the integral form of the Schrödinger equation:

ψ (r) = ψ0 (r)−
m

2πh̄2

∫
eik|r−r0|

|r− r0|
V (r0)ψ (r0)d

3r0 (3)

where ψ0 is the free wave function, ψ is the exact wave function (includ-
ing the effects of the potential) and V is the potential, which is assumed
to be non-zero only for small values of rrr0, that is, in the zone where the
interaction takes place.

The Born approximation assumes that, for small values of rrr0, we can
assume that the wave function doesn’t vary much from its incident plane
wave, and for larger values of rrr0, the potential is small enough that its con-
tribution to the integral can be neglected. This gives us the approximation
for the scattering amplitude

f (θ,φ)≈− m

2πh̄2

∫
ei(k

′−k)·r0V (r0)d
3r0 (4)
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This is effectively a Fourier transform of the potential into momentum
space. The vector kkk′− kkk is the momentum transfer between one of the
incoming nucleons and one of the outgoing nucleons.

We can apply the Born approximation to the Yukawa potential. The
Yukawa potential in its general form is

V (r) = β
e−µr

r
(5)

where β and µ are constants. The result is that the scattering amplitude is
approximately given by

f (θ) =− 2mβ
h̄2 (κ2 +µ2)

(6)

where

κ≡ 2k sin
θ

2
=
∣∣kkk′−kkk∣∣ (7)

Coleman shows in his equations 10.39 to 10.46 that the denominators in
2 come out to (in the centre of momentum frame)

(
p1−p′1

)2−µ2 =−∆
2−µ2 (8)(

p1−p′2
)2−µ2 =−∆

2
c−µ2 (9)

where

∆∆∆≡ ppp1−ppp′1 (10)

∆∆∆c ≡ ppp1−ppp′2 (11)

(Because 8 and 9 are always greater than zero, we can ignore the iε in
2.) Thus ∆∆∆ is the 3-momentum transfer and is equivalent to κ in 6. The
Feynman amplitude 2 can therefore be written as

Afi = g2
[

1
∆2 +µ2 +

1
∆2
c+µ

2

]
(12)

Comparing this with 6, we see that each term in Afi is proportional to
the scattering amplitude we get from the first Born approximation applied
to a Yukawa potential. This result is due partly to the fact that the interact-
ing nucleons all have the same mass, which means the energy terms cancel
when calculating (p1−p′1)

2 and (p1−p′2)
2. Things are a bit more compli-

cated if the particles have different masses, as when we scatter a meson off
a nucleon.
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We get two terms in Afi because p1 can be transferred into p′1 or into p′2,
and these two cases are indistinguishable due to the identity of the nucleons.

What this calculation does show, however, is that the lowest order (non-
trivial) Feynman diagram and the first Born approximation give essentially
the same result.
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